STABILITY AND QUALITATIVE PROPERTIES OF RADIAL SOLUTIONS OF 
THE LANE-EMDEN-FOWLER EQUATION ON RIEMANNIAN MODELS 
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Abstract. We study existence, uniqueness and stability of radial solutions of the Lane-Emden- 
Fowlcr equation — A g tt = \u\ p ~ u in a class of Riemannian models (M, g) of dimension n > 3 which 
includes the classical hyperbolic space H n as well as manifolds with sectional curvatures unbounded 
below. Sign properties and asymptotic behavior of solutions are influenced by the critical Sobolcv 
exponent while the so-called Joscph-Lundgrcn exponent is involved in the stability of solutions. 



1. Introduction 
We study the Lane-Emden-Fowler equation 

(1.1) - A g u = H p-1 m on M, 

where n > 3 and p > 1, posed on a Riemannian model (M,g) , namely on a manifold admitting a 
pole o and whose metric is given, in polar or spherical coordinates around o, by 

(1.2) ds 2 = dr 2 + (V'(r)) 2 d9 2 , r>0,9e S"" 1 

for a given function ip satisfying appropriate conditions. We will denote by g this metric. Here d<3 2 
denotes the canonical metric on the unit sphere S n , r is by construction the Riemannian distance 
between a point whose coordinates are (r, 0) and o, the function ip is smooth and positive on (0, R) 
for some R £ (0, +00]. In principle R can be finite and in such a case it identifies the cut locus of o 
in M, but hereafter and without further comments we shall assume that R = +00. 

The additional assumptions we shall make later on tp correspond to considering manifolds which have 
infinite volume and, at least outside a compact set, have strictly negative sectional curvatures. Hence, 
if such condition holds globally, we are dealing with special classes of Cartan-Hadamard manifolds. 
The motivating example we have in mind is, therefore, the hyperbolic space H™, in which some of 
the problems that we shall study here in greater generality have been recently investigated. In fact, 
the Riemannian model associated to the choice ip(r) = sinhr in (|1.2|) is a well-known representation 
of W l . 

In the seminal paper [33] among other results it is shown that, for p € flj^zf); there is a 
unique strictly positive radial solution U of (jl.ll) belonging to the Sobolev space ff 1 (H n ) := {u £ 
L 2 (V g ); Vgit £ L 2 (V g )}, where Vg is the Riemannian measure and V g the Riemannian gradient, and 
U is radial in the sense that it depends only on r. This is in sharp contrast with the Euclidean case, 
where no such solution exists, and is strongly related to the fact that the L 2 spectrum of — A g is 
bounded away from zero, so that an L 2 -Poincare inequality holds. The solution U is rapidly decaying 
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at infinity, but infinitely many other radial positive solutions exist. The precise asymptotics of such 
slowly decaying solutions was given in [5] also for the case p > , together with a classification of 
radial solutions in terms of their sign properties, further investigated in [TJ. In fact, sign changing 
solutions may also exist and are studied in [3l [5] : they can have finite or infinite if* norm, and their 
asymptotics depend on which of the two cases holds. In [16], the critical case p = 2±| is investigated 
in further details. See also [9] for other results concerning elliptic problems and [2] for semilinear 
parabolic problems in H". 

Our results aim at discussing the cases corresponding to the defining function ip being everywhere 
increasing and, moreover, such that I := liminf r ^ +00 ^j^j > (which is Assumption (H3) in Section 
[2]). While clearly the hyperbolic space satisfies such condition, Riemannian models which are asymp- 
totically hyperbolic satisfy it as well and, more importantly, such a condition allows for unbounded 
negative sectional curvatures: a typical example in which this can hold corresponds to the choice 
ip(r) = e r for a given a > 1 and r large, a case for which (see Section fl - 1[) sectional curvatures 
in the radial direction diverge as — a 2 r 2 ( a_1 ) as r — s- +00. In addition it will be shown later that, 
under the stated assumption, the L 2 spectrum of — A g is still bounded away from zero, whereas if 
lim r _>. +00 ^p^j = then there is no gap in the L 2 spectrum of — A g . Hence, one hardly expects in 
such situation to be able to construct a positive solution to the equation at hand. It is worth noticing 
here that if the radial sectional curvature goes to zero as r — > +00 then necessarily lim r _5. +00 ~^~) = 
(sec Lemma l4.ip and the previous comment applies, whatever the rate of decay of the curvatures is. 
Hence, in this case no spectral gap is present and the expected picture is of Euclidean type, but we 
shall not address this issue here. 

Under the above mentioned assumptions on ip, we prove in Theorem 12.21 existence of a finite energy 
radial solution to in the subcritical case pen., ^r§^ ■ Uniqueness of such solution holds under 
a further technical condition on ip, see Theorem 12.41 In the supercritical range p > we prove 

in Theorem 12.71 that if a suitable power of the volume of geodesic balls is convex as a function of r, 
all local radial solutions to are everywhere positive and no solution to the Dirichlct problem on 
geodesic balls exists. In particular, such results hold if ip itself is convex. 

In both subcritical and supercritical cases, we provide an exact description of the asymptotic be- 
havior of positive radial solutions of In Theorem 12.61 we show that, in the subcritical case, 
solutions in the energy space H l (M) have a fast decay to zero which can be characterized explicitly 
in terms of the function ip. An interesting phenomenon occurs for solutions which do not belong to 
H 1 (M): they admit a limit as r — > +00 which can be strictly positive or equal to zero depending on 
the integrability at infinity of the function ip /ip' . 

The same phenomenon occurs in the supercritical case as shown in Theorem 12.91 

The second part of this paper is devoted to stability of solutions. Here by stability we mean the 
so-called linearized stability. Namely, we say that a solution u of is stable if the quadratic 

form associated with the linearized operator at u is nonnegative definite. Stability of solutions of 
nonlinear equations in the whole euclidcan space is a widely studied problem, especially in the case of 
the Lane-Emden-Fowler equation and of the Gclfand equation — Au = e", see e.g. [51 ITU1 [TTlfT^l [T51 fT5] 
and references therein. See also [6] for results on stability of the Lane-Emden-Fowler and Gelfand 
equations in bounded domains. 

In order to localize the instability of certain solutions wc shall also study the stability of solutions 
outside a compact set, see e.g. [TU1 [T2l [T5] . 

Since the cut locus of the pole o is empty by assumption, any Riemannian model M we are consid- 
ering is diffeomorphic to W 1 , and the main purpose of the present paper is to understand which is 
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the role of the curvature properties of M in determining stability of solutions of Ijl.ljl . in particular 
when sectional curvatures arc negative. Wc comment here that the existence of stable solutions to 
semilincar elliptic equations when Ricci curvature is positive has consequences on the structure of the 
manifold itself (and on the solution as well), as shown recently in [14]. 

For completeness we first recall what happens when M is the n-dimcnsional cuclidcan space. From 
[12], we know that no nontrivial stable solution (also nonradial) exists if n < 10 or n > 11 and 
p < p c (n) = ^ n ~foJ2Xn- 8 H))"~ 1 ' where p c (n) > is the so-called Joseph-Lundgren exponent, see 
|20j . On the other hand, for n > 11 and every p > p c (n) there exists a positive radial stable solution, 
see [U HQ]. 

Also we note that when n < 10 or n > 11 and p < p c (n), with p ^ ^f, the euclidean equation 
admits no nontrivial solution which is stable outside a compact set. On the other hand, if p = ^| 
then the euclidean equation admits solutions in H 1 (M n ) which are stable outside a compact set. 
Among them there are the well-known one-parameter family of solutions of (|1.1[) which achieve the 
best Sobolev constant in R" . 

As we said before, under suitable assumptions on ip, a Poincare type inequality holds. The validity 
of this inequality is strictly related to the existence of stable solutions. In Theorems 12.11112.121 wc 
prove that stable radial solutions of (|1.1[) always exist in any dimension and for any p > 1 provided 
that their value at the origin is small enough. 

This phenomenon is deeply in contrast with the euclidean case where the existence of nontrivial 
radial stable solutions only depends on n and p but not on the value of the solution at the origin. 
We also recall that, thanks to rcscaling invariance properties of the Lane-Emden- Fowler equation, 
in the euclidean case all nontrivial radial solutions may be represented as a one-parameter family of 
rescaled functions. This property explains why there is no dependence of the stability on the value 
at the origin. 

The next step is to understand if radial stable solutions also exist for larger values at the origin. 
Our main results on stability, Theorem 12 . 1 Hl2~T2l state that independently of the dimension n and of 
the power p, the set iS of the values at the origin for which the corresponding radial solution of (jl.ll) 
is stable, is a closed interval containing 0. One may ask if this interval coincides with [0,+oo). In 
Theorem 12.111 we show that, under the same assumptions on n and p for which in the euclidean case 
we have nonexistence of nontrivial stable solutions, in our Riemannian model the set S is a bounded 
closed interval. 

This result, which shows instability of radial solutions with a large value at the origin, is based on 
a blow-up argument which has as a limit problem the Lane-Emden-Fowler equation in the euclidean 
space. This justifies the relationship between assumptions of Theorem 12.111 and the nonexistence 
result of stable solutions in the euclidean case. 

It is left as an open question to understand if the assumptions of Theorem 12.111 are also necessary 
for boundedness of the set S. 

Stability properties are strictly related to ordering of radial solutions of (jl.ip . Indeed in Theorem 
12.141 we prove that radial solutions of (|1.1[) corresponding to values at the origin in the set S arc 
ordered. 

Finally, in Theorem 12.151 we show that all radial solutions of (jl.l|) arc stable outside compact sets 
independently of n > 3 and p > 1, provided that ip/ip' ^ L^O, oo). 

This paper is organized as follows: in Section [2] we put the assumptions and the statements of the 
main results while Sections [3][5] are devoted to the proofs. 



4 



ELVISE BERCHIO, ALBERTO FERRERO, AND GABRIELE GRILLO 



1.1. Notation and preliminaries. The C 2 smoothness of M around o implies that t/j must be 
extendible to r = with the extension, still denoted by ip, satisfying if>(0) = ip"(Q) = 0, i/j'(0) = 1, 
the prime indicating right derivative. In greater generality, a power series for ip near r — must 
contain only odd powers of r should one require additional smoothness at o, see e.g. [25], pp. 179-183, 
and also |17j . 

The Riemannian Laplacian of a scalar function / on M is given, in the above coordinates, by 



A B f(r,0i,...,0 n -i 



(^(r))™- 1 dr 
{ip{r)r 

where A§n-i is the Riemannian Laplacian on the unit sphere §™ _1 . In particular, for radial functions, 
namely functions depending only on r, one has 

where from now on a prime will denote, for radial functions, derivative w.r.t. r. Notice that the 
quantity (n— l) ^ffi has a geometrical meaning, namely it represents mean curvature of the geodesic 
sphere of radius r in the radial direction. Let u n be the volume of the n-dimcnsional unit sphere. 
Then 

S(r) = u n (i>(r)) n -\ V(r) = f S(t) dt = u n f m))^ 1 di 

Jo Jo 

represent, respectively, the area of the geodesic sphere dB(o,r) and the volume of the geodesic ball 
B(o,r). Moreover (see e.g. [3], [T7]) one can show that 

1 ib"(r) 
-Ric(dr,dr) = K w (r) = -- K ' 



71 — 1 '0( r ) ' 

where Ric (dr, dr) is the Ricci tensor in the radial direction, and K^ir) denotes sectional curvatures 
w.r.t planes containing dr. One shows also that the sectional curvatures w.r.t. planes orthogonal to 
dr is given by 1 ~^Jjy ■ Sectional curvatures equal -1 on the hyperbolic space, whereas they are 
still negative, but growing in modulus when for example one has, for large r, ip( r ) = eT f° r some 
a > 1, a case which can be covered by most of our results. 

We consider radial solutions to the Lane-Emden- Fowler equation (jl.lj) . Radial local solutions near 
r = to (jl.ip with u(0) = a^0 exist, are unique and satisfy the Cauchy problem 



(1.3) 



[(V>M) n -V(r)]' = |«(r)ryr) (r > 0) 



u(0) = a u'(0) = 0. 

For any r > 0, let us denote by u a (r) or by u(a, r) the unique solution of the Cauchy problem (|1.3[) . 

2. Assumptions and main results 
Let ip be the function defined in the introduction. Let us introduce the following assumptions on 

(H^ i\) G C 2 ([0, +c5o)): V(0) = V"(0) = and ^'(0) = 1 ; 
(H-i) ip'(r) > for every r > , 

(if 3 ) / —liminf^f > . 

i — >+oo ip(r) 
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Assumption (Hi) is necessary to make the geometric setting outlined in Section 11.11 consistent. 
Assumptions (H2) — (H3) are sufficient conditions to guarantee positivity of bottom of the L 2 spectrum 
of — A g in M, see Lemma T4. II Throughout this paper we denote the bottom of the L 2 spectrum of 
— A g by Ai(M). Under assumptions (Hi) — (H3) one can show easily that every solution of (jl.3l) is 
global. 

Proposition 2.1. Let p > 1 and assume that ip satisfies assumptions (Hi) — (H3). Then, for any 
a =/= the local solution to (|1.3[) may be continued for all r > 0, lim u'(r) — and hm u(r) exists 

and is finite. In particular (jl.lj) admits infinitely many nontrivial radial solutions. 

Since the proof of Proposition 12. II can be achieved following the lines of that of Lemma 4.1], we 
omit it. The same proof does not work if I = in (H3). However, if ip satisfies 

(2.1) 3/3,/3'>0: £ < < /?' V r > r 

for some ro > one may repeat the proof of [241 Theorem 5] to show that lim u(r) = = 
lim u'(r). Clearly, (|2.1j) includes the euclidean case ip(r) = r but does not hold if, for instance, 

r— >-\-oo 

ijj(r) = log(r). 

The results concerning existence and qualitative behavior of solutions of ([l.ip are strongly influenced 
by the range in which the power p varies. In the sequel we distinguish the subcritical case 1 < p < 
2* — 1 = £±| and the supercritical case p > 2±| . 

• The subcritical CASE. Let start with the following existence result of a radial i? 1 (M)-solution 
of CLI]): 

Theorem 2.2. Let 1 < p < ^| and tp satisfy assumptions (Hi) — (H3). Then (JTTTJ) admits a 
positive radial solution u 6 H (M). 

One may wonder if (|1.1[) admits a unique radial solution belonging to H (M). This happens in the 
hyperbolic space, i.e. ip(r) = sinh(r), see [22]. In order to guarantee uniqueness of radial H 1 (M)- 
solutions, we introduce a supplementary condition on the function ip. To this purpose we recall from 
[2"T] the following definition: 

Definition 2.3. A function G : (0, +00) — > K differentiable, satisfies the A—property if there exists 
< n < +00 such that G' > in (0,ri) and G' <0 in (n,+oo) with G' ^ 0. 

Note that the definition includes the cases in which G is always nondecrcasing or nonincrcasing in 
[0, +00). We are ready to state the following uniqueness result: 

Theorem 2.4. Let 1 < p < ^rf- Assume that ip satisfies (Hi) — (H2) and that there exists 

, s ^(r) i<"(r) 

2.2 lim = lim ^-ff = I £ 0, +00 . 

■) — s.+oo %p(r) r->+oo %p'(r) 

Furthermore, set 5 := an & ^ ^ e function 

G(r) :=6ijj 5{p - 1] ~ 2 (r) \(6 + 2 - n) (^'W) 2 - ^"(r)^(r)l (r > 0) 
satisfy the A— property. 
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Finally, if I = +00 assume that ip satisfies the extra condition 
(2.3) |W =o( ^ (r)); ^W =o( ^ (r)) asr ^ +0O . 

Then, problem (|1.3[) admits a unique positive solution U belonging to H (M). Moreover, every 
solution to (|1.3[) w«t/i < a < U(0) is of one sign, while any solution to (|1.3p with a > U(0) is 
sign- changing. 



Concerning the validity of the A— property for the function G defined in Theorem 12.41 we observe 
that it is satisfied when ip(r) — sinh(r), i.e. M — H™. For more general function ijj we state the 
following 

Proposition 2.5. If ^ satisfies assumptions (Hi) — (Hq), and in addition %j) is four times differen- 
tiable with ip'"(r) > and ( ^777^ 1 < for every r > 0, then the function G defined in Theorem \2.4\ 
satisfies the A— property for every 2 "j] 3 < p < ^| • 

By Proposition 12.51 it follows that if ^(r) = re r2y then the corresponding function G satisfies the 
A— property for every 7 > 1. 

Concerning condition (|2.3|) . we observe that it holds, for instance, if = P( r ) eventually, where 
P is a nonconstant polynomial. 

Finally we state a result dealing with the asymptotic behavior of radial positive solutions of 

Theorem 2.6. Lei n > 3 and 1 < p < ^r§- Suppose that ip satisfies assumptions (Hi) — (H 2 ) and 
(2.4) lim = I G (0, +00] . 

Finally in the case I = +00 assume the supplementary condition 



(2.5) 



log 



O(l) as r +00 . 



V>(r) 

Lei u be a radial positive solution of 

(i) If u € H 1 (M) then there exists L G (— 00, 0) smc/i £/ia£ 



Moreover 



lim V n_ = L ' 



lim r'frW^A ifl<+oo, 



w(r) 

nm — r^r 

^+00 r+ 00 

(ii) J/u £ ff x (M) and -fy £ L x (0, 00) tften 



lim -r— = |L| if I = +00 . 



lim u(r) G (0, +00) 

r— >+oo 



(iii) If u $ Lf 1 (7l/) and 4j ^ L 1 (0, 00) £/ien it vanishes at infinity with the following rate 

i im f / ^f)^ ^.^-n 



r->-+x>yj tp'(s) J \p — 1 
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In particular when I < +00 we have 

1/O-1) 



lim rVto-VuM = f— ~Y 
^+00 \ p — 1 / 



r— »+oo 

• The supercritical CASE. Throughout this paper let us denote by B R the geodesic ball centered 
at o of radius R, i.e. 

B R := {(r, e u . . . ,0„_i) : < r < R and lf . . . ,0„-i G • 

Theorem 2.7. Lei p > 2£±| and ^p satisfy assumptions (Hi) — [Hz)- If p = ^§ assume furthermore 
that ip is three times differ entiable near wii/i tp"(0) = and %p"'(0) > 0. Finally, let the function 



A(r):=[ / (V(s)) n = c [Vol5(o, r)] 5 ^) 





&e convex on [0, +00). TTien any solution u(r) to f) 1 .3[) does not change sign for all r £ [0, +00). in 
particular, the Dirichlet problem 

— A g u = |n| p_1 n m £? F 
u = on dB r 

with < r < +00 /las no nontrivial radial solutions. 

Concerning the convexity of the function A defined in Theorem 12 . 71 we state the following 

Proposition 2.8. Assume that ip satisfies (Hi) — (-££2)- Let A be the function defined in Theorem 
\2. 7\ Then we have: 

(i) if ip is convex, then A is also convex; 

(ii) if ip is such that \2.J$ holds with I < +00, then A is eventually convex at +00: 

(iii) if ip is such that \2.1$ holds with I = +00 and (|2.5p is satisfied, then A is eventually convex 
at +00. 

From Proposition 12.81 it follows that the assumptions of Theorem 12.71 are satisfied either by the 
hyperbolic model (see [5]) or by models having unbounded negative sectional curvatures such as 
ijj(r) = re r with 7 > 0. 

Similarly to the subcritical case, for the asymptotic behavior of radial positive solutions of wc 
have 

Theorem 2.9. Let n > 3 andp > ^±|. Suppose that ip satisfies assumptions (Hi) — (H 2 ), (]2.4j) and 
that the function A = A(r) defined in Theorem \2.7\ is convex. Finally in the case I = +00 we also 
assume (|2.5[) . Let u be a radial (positive) solution of 

(i) If$ GX^O.oo) then 

lim u(r) <G (0, +00) . 

(ii) // i 1^(0, 00) then u vanishes at infinity with the following rate 

'-+~Uo *'(») 1 \P-l) 
In particular when I < +00 we have 

l/O-l) 



lim rVO-iVr) = (lilLJlY 

r->+oo \ JJ-l J 
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• Stability of radial solutions of (jl.ip . We start by explaining what we mean by stability 
and stability outside a compact set, see also |15j . 

Definition 2.10. A solution u G C 2 (M) to (fTTTj) is stable if 

(2.6) / \V g <p\ 2 g dV g -p [ \u\ p - 1 i P 2 dV g >0 V^GC C °°(M). 

J M JM 

A solution u G C 2 {M) to is stable outside the compact set K if 

(2.7) f \V g <p\ 2 g dV g -p [ | M rV# 9 >0 V^Cr(Af\4 
J m\k Jm\k 

For any n > 11, let p c {n) = ^ n ~(n^^{n-w)~ ~ ^ e ^ e J° se ph~Lundgren exponent. We can now state 
the first result concerning stability of radial solutions of (|1.1|) . 

Theorem 2.11. Let 3 < n < 10 and p > 1 or n > 11 arte? 1 < p < p c (n). Assume that ip satisfies 
(Hi) — (H 3 ). For any a > denote by u a the unique solution of (|1.3|) . There exists ao G (0, +oo) 

(i) i/a£ [0, ao] i/ien ii Q is stable; 

(ii) if a > ao then u a is unstable. 

Furthermore we also have ao > (p — 1 Ai(.M)) 1 p . T/ie inequality is strict if one of the following 
alternatives hold 

(2.8) lim sup < +oo or Z = +oo in (H3) and if) satisfies (|2.5[) anc? ■0/V'' ^ L 1 (0,co) . 

By comparing Theorem l2 . 1 II with the stability result in the euclidean case, one sees that the existence 
of stable solutions in dimension n < 10 or in dimension n > 11 but with p < p c (n), seems to be strictly 
related to the validity of the Poincare inequality (see Table 1 and Table 2 below). Indeed the existence 
of the positive number ao introduced in Theorcm l2. Ill comes from the the positivity of the bottom of 
the L 2 spectrum Ai(M) of — A g in M as one can see from the estimate ao > (p^A^M)) 1 X \ see 
also Lemma T4. II On the contrary, in the euclidean case the Poincare inequality in W 1 does not hold 
and, if n < 10 or n > 11 but p < p c (n), all nontrivial solutions of the Lane-Emden- Fowler equation 
are unstable. 

We observe that the assumptions on the dimension n and on the power p in Theorem 12.111 arc 
at least sufficient to show the existence of the switch between stability for small values of a and 
instability for large values of a but it is not clear if they are also necessary. As a partial result we 
state the validity of the following alternatives: 

Theorem 2.12. Let n > 11 and p > p c (n). Assume that ip satisfies (Hi) — (-^3). For any a > 
denote by u a the unique solution of (|1.3[) . There exists ao € (0, +00] such that either c<q = +00 and 
u a is stable for any a > or ao < +00 and u a is stable for any a G [0, ao] and unstable for any 
a > ao- 

Concerning stability of solutions in the energy space, wc state the following 

Proposition 2.13. Let n > 3 and p > 1. Assume that i\> satisfies (Hi) — (H3). Let u be a radial 
stable solution of (jl.lj) . If u G L 2 (M) then u = 0. 

Stability properties of solutions are related to ordering and intersection properties of radial solutions 
of CLU): 
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Theorem 2.14. Let n > 3 and p > 1. Assume that tp satisfies (Hi) — (H3). Let a, (3 > and let 
u a ,up be the corresponding solutions of (jl.3j) . If u a and up are stable then they do not intersect. 
In particular stable solutions are strictly positive (or strictly negative) and if ao G (0, +00] is as in 
Theorems \2.1lf2.12\ then all solutions in the set {u a : a € [0,ao)} are ordered. 

We conclude the section by dealing with stability outside a compact set. 

Theorem 2.15. Letn > 3 andp > 1. Assume thattp satisfies (Hi) — (Hs). Then any radial solution 
of (jl.ll) is stable outside a compact set provided that (|2.8[) holds. 

Differently from the euclidean case, see Table 1 below, Theorem 12 . 151 states that under assumptions 
(Hi) — (H$) and (|2.8[) . all solutions of (|1.3[) are stable outside a compact independently of the value 
of the power p. We note that assumption (|2.8|) assures that solutions of (|1.3j) vanish as r —> +00 (see 
Proposition ^. 11 formula (|2.1j) . Theorems 12.61 and 12. 9p . Hence, the difference from the euclidean case 
once more comes from the fact that, under assumptions (Hi) — (H3), the bottom of the L 2 spectrum 
of — A g in M is strictly positive. 





n < 10 or (n > 11 and p < p c (n)) 


n > 11 and p > p c (n) 


u a stable Va^O 


NO 


YES 


u a unstable Va^O 


YES 


NO 


u a stable outside a compact V a 


NO if p £ £±| YES if p = a±| 


YES 



Table L Stability of solutions u a to (|1 .3|) when ip(r) = r (Euclidean case). 





n < 10 or (n > 11 and p < p c (n)) 


71 > 1 1 and p > p c (n) 


u a stable V < \a\ < ao 


YES 


YES if \a\ < a 


u a unstable V |a| > ao 


YES 


? 


u a stable outside a compact V a 


YES if dZHJ) holds 


YES if ([211) holds 



Table 2. Stability of solutions u a to ()1.3|) for -0 satisfying (iJi) — (H3). 



3. Proof of the results in the supercritical case 



3.1. Proof of Theorem 12.71 Let u be a nontrivial solution of (|1.3p . up to replace u with — u, we 
may assume a > 0. For r > 0, we set 

(u'(r)) 2 Kr)|P +1 ' 



P(r):= (p+1) / ^(s)) r 
Jo 

Then, for u solving (jl.3p we get 
> + 3 



(is 



P'(r) = 



(^ r ))«-i-(r,-l)(p+l)|M 



p+1 



(^(r^-^u^u^r) . 



(u'(r)f := K(r)(u'(r)f 



the latter equality being meant as a definition of K(r). We notice that, as r | 0, the known 
asymptotics of ip(r) as r — !• implies that if(r) ~ r" _1 [(n + 2) — (n — 2)p]/(2n) if p > 2±| anc l 
if( r ) ^ r" +1 [-2(?i - l)/(n 2 - 4)]^"'(0), if p = 2±|, where we exploit the assumptions -0"(O) = 
and V'"(0) > 0. 

This clearly shows that, in such range of p, K(r) < for r sufficiently small, and hence that 
P'(r) < for the same values of r. The strict inequality follows from the fact that u'(r) 7^ for 
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u'(r) 



(^(S))"- 1 |U( S )| P - 1 M(S) ds. 



r £ (0, e) for a suitable e > 0, a fact which holds since u is different from zero in a right neighborhood 
of zero and by (|1.3j) we have 

1 r 

(V(r))"" 1 Jo 

Hence, since P(0) = 0, we have proven that P(r) < in a sufficiently small right neighborhood 
of zero. We claim that K(r) < for any r > which implies P nonincreasing in (0,+oo); being 
P(r) < for r > small enough this yields P(r) < for any r > 0. 
Let us prove the claim. Let ^(r) := J (VK 8 ))" -1 One computes 

Hence, requiring that K(r) < is equivalent to ask that 

*"(r) p + 3 *'(r) 
W(r) ~ 2(p+ 1) *(r) ' 

where we have used the fact that *f?(r) > for all r £ (0, oo). Recall that, by construction, ty'Or) > 
for all r > 0. Setting a p = 2 (p+i) we can then rewrite the latter formula as 

*'(r) 



or equivalently, setting c p = 1 — a p 



log 



(^(r)) a p 



> 0. 



as 



2(p+l) 

[log(((*(r)) c *)')]'>0. 

The latter condition is clearly equivalent to [(^>(r)) c p] > 0, namely to the fact that ($(r)) c p is 
convex (recall that ^ is at least C 2 ). This completes the proof of the claim. Since u(0) > 0, if we 
assume that there exists p > such that u(p) = then we have u'(p) < and hence P(p) > 0, a 
contradiction. 

3.2. Proof of Proposition I2T81 A simple computation yields that A(r) is convex if and only if the 
function h(r) := 2(n— l)(p + l)ip'(r) /J ?/>" _1 (s) ds— (p + 3)ip n (r) is positive in (0, +oo). This readily 
follows if -0 is a convex function too. Indeed, we have h(0) = and 



h'(r) = (p(n - 2) - (n + 2))^' '(r)f -1 (r) + 2(n - l)(p + 1)< (r) / (V>(s)) 

Hence, statement (i) follows. 
Then we turn to the proofs of (ii) and (Hi). First we claim that 



\n-l 



ds . 



(3.1) 
By this 



lim h(r) 

) — >+oo 

and we conclude. 



lim On — 1) ip'( r ) 

r— f+oo 



lim ip n (r) 

r— »+oo 



2(n-l)(p+l)/(r) 



(p + 3) 



Next we prove (J3TTJ) . If lim 



<//(r) 



r-H-oo ^/)(r) 

l'Hopital rule. Indeed, we have 



I for some < I < +oo, the claim readily follows by the 

ip(r) 



1 



r- »+oo f/)" 1 (r) r-s-+oo (n — l)lp'(r) (n — 1)1 
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Let now I = +00. Again, by the l'Hopital rule we deduce 

lim (n - 1) </>'(r) J ° , ,\ J = (n - 1) lim 

r— >-\-oc W n (r) r— ^+00 

' C r J,n-l 



[ip n - 1 (r)}' 



= 1 + lim 

r— »+oo 



log 



ijj n - 1 (r) 



Then, since f£ ip n 1 (s)ds = o(ip n 1 (r)) as r -) +00, f)3 . 1 [) holds for every function ip such that 



loE 



4> (r) 
i/j(r) 



remains bounded. 



3.3. Proof of Theorem 12. 9i We start with the following estimate from below on solutions of (|1.3[) : 

Lemma 3.1. Let the assumptions of Theorem \2.9\ hold and u be a positive solution to (|1.3[) . There 
exist no strictly positive constants C,f3 such that u(r) < C(ip(r))~^ for all r > 0. 

Proof. Assume by contradiction that there exist C, /3 such that u(r) < C(i/j(r))~° for all r > 0. It is 
not restrictive assuming that /? < (n — I) /p. 
After integration in (0, r) we get 



u{r) > ~C p (yj{r))^ 
Integrating now in (r, +00) we obtain 

u{r)<C* j °° (W)) 1 "" 
Then, by (|2.4|) we have 



n—l—Pp 



ds 



for any r > . 



(V>(i))" _1_/Jp di ) ds for any r > . 



u(r) = O((ip(r))~ 0p ) as r -> +00 . 

Iterating this procedure as in the proof of [5J Lemma 5.2] we deduce that for any e > there exists 
C e > such that 

u(r) < CeMr))-^- 1 -^ 



(3.2) 



for any r > . 



The next purpose is to obtain a lower bound on u in order to reach a contradiction with (|3.2I) . 

Let now P = P(r) be the function defined in the proof of Theorem 12.71 Since we are assuming 
A = A(r) convex, by the proof of Proposition 12. 81 we deduce that P is negative and nonincreasing in 
(0,+co). 

Therefore 

f^mr-'ds ({u'{r)f (u(r))P+ 1 \ , u(r)u'(r) 



(tjj(r)y 1 - 1 
In particular we obtain 



(3.3) 



u'(r) 



2 p + 1 

2(?/>(r))™- 1 
(p+l)/ r (^( a ))»-id s 



p + 1 



< for any r > . 



> for any r > . 



By (|3.ip wc deduce that 



«>(r)) r 



(n - 1) 



J^^s)y^ds v ' ^>i>{r) 

and hence for any e > there exists r £ > such that 

2(n-l + £ ) y/(r) 
w (r) H — — - u(r) > U 



p+1 



for any r > 
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and after integration it follows that there exists C > such that 

u(r) > C(ip(r)) P+ 1 for any r > r e . 

Since p > 1, this contradicts (|3.2jl and completes the proof of the lemma. 
Next we prove 

Lemma 3.2. Let the assumptions of Theorem \2.9\ hold and u be a positive solution to (|1.3j) . Then 



□ 



u'ir) f^'(r) 

— o 



u(r) \ ip{r) 
Proof. As a first step, we may exclude the case in which 



as r — > +oo 



(3.4) 

since otherwise we would have 



u'(r) ib(r) 

limsup ; ; ; < o 

r^+oo u{r) tp'(r) 



u'{r) V'W 
< — Oi- 



for any r > r 



u(r) ip(r) 
for some C\ > and r > 0, and after integration it follows 

u(r) < C2{ip{r))~ Cl for any r > r 

for some constant Ci > 0, in contradiction with Lemma 13.11 Now it is sufficient to prove existence 
of the limit in (|3T4|) . 

Suppose by contradiction that such a limit does not exist. For simplicity, here we consider only the 
case I = +oo since the case I finite can be treated exactly as in [5J Lemma 5.3]. Let r m — > +oo be 



the sequence of local maxima and minima points for 



u' (r) ip(r) 
u(r) t$)' (r) 



. Then for any m we have 



u"(r m )u(r m ) - (u'(r m )) 2 = u{r m )u'(r m ) 
By (TO]), dSHJ), (O and p > 1, it follows that 

u'(r m ) > - 



log 



p+i 



l0f 



( 4>'(r m ) 
V 5^ 



By (|3TT1) . the fact that ? = +oo and that log (j^f) 



(^( s ))"-id s 

is bounded we obtain 



u'{r m ) > 



(n-l)(p-l) 7/-'(r m ) 

p+1 V( r m) 



■>/>(r m ) 



This shows that U 'M tu m \ 



— > as m — > +oo and by the definition of {r m } we infer 

iim ^nm =0 , 



i — s-+oo u(r) il)'(r) 

a contradiction. This completes the proof of the lemma. □ 

Lemma 3.3. Let the assumptions of Theorem \2.9\ hold and u be a positive solution to ()1.3|) . Then 

u^r) 4)'{r) 1 



(3.5) 



lim 

r->+oo u p (r) ipyr) 



n - 1 
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Proof. We omit the proof in the case I finite since it is completely similar to the proof obtained in [5] 
Section 5]. Let / = +oo. First we prove the existence of the limit in (|3.5j) . Suppose by contradiction 
that the limit in (|3.5[) does not exist. Then there exists a sequence r m — > +oo of local maxima and 
minima points for the function tp(r) • Then we have 



u"(r m )u(r m ) = p(u'(r m )) 2 ~ u(r m )u'(r m ) 

Inserting this identity in (jl.3|) multiplied by it we obtain 

u p (r m ) 



log 



w'(r m ) = -- 



(n-1) 



il>'ir m ) 



u(r<m) 



loe 



Therefore we have 

u'(r m ) ^'(»* m ) 



u p (r m ) ip{r m ) 
By Lemma |XH the fact that I 



= — (n— 1+p 



u'(r m ) ip(r m ) ip(r m ) 



log 



u(r m ) ip'(r m ) ip'(r m ) 
oo and that (|2.5p holds true, we obtain 

r u '( r m) ip'(r m ) _ 1 
m->+oo uP{r m ) ip{ r m) n-1' 

By definition of the sequence {r m }, this gives the existence of the limit in (|3.5|) . a contradiction. It 
remains to compute explicitly the limit in (|3.5[) . 
By (|1.3p we obtain 



tt"(r) ^(r) 
u'(r) ip'{r) 



1 



= 



and hence there exists the limit 



lim 



u"(r) ip(r) 



u p (r) ijj{ r ) 
u'(r) tp'(r) 

u p (r) ip(r) 



lim 



(3 6) 

r-s-+oo u'(r) if)' (r) r-^+oo u' '(r) i/>'(r) 

On the other hand, by dc l'Hopital rule and Lemma |3~21 we have 

[u'MiKrXift'M)- 1 ]' 



= lim 



0= lim = lim 

i/>(r) /u"(r) [ 1q fV'M 



r->+oo ^'(r) I u'(r) 



■0(r) 



= lim 



it'(r) 

V>(r) u"(r) 



r->+oo ?//(r) w'(r) 



Combining this with 



we arrive to the conclusion of the proof. 



□ 



End of the proof of Theorem 
that 



Using (|3.5[) we have that for any e > there exists r e > such 



ds . 



If the function ^ is integrable in a neighborhood of infinity then lim r __>. +00 u(r) > 0. If ^ is not 
integrable in a neighborhood of infinity then u vanishes at infinity and 



lim 

r— ^+oo 



V>(s) 



</.s 



i/(p-i) 



u(r) 



n-1 



V(p-i) 



This completes the proof of the theorem. 
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4. Proof of the results in the subcritical case 



4.1. Proof of Theorem l2.2l By standard arguments we deduce that the bottom of the L 2 spectrum 
of — A g in M admits the following variational characterization: 



(4.1) 



Ai(M) 



inf 



¥>eC~(M)\{o} J M ip 2 dV g 

We start by proving the positivity of Ai(M), and by observing that if instead ip'/tp tends to zero, 
such positivity is false. 

Lemma 4.1. Let n > 3 and assume that ip satisfies assumptions (Hi) — (H3). Then Xi(M) > 0. If 
instead (H3) does not hold and one has in addition ij/(r)/ip(r) — > as r +00, then Xi(M) = 0. 
In particular, the latter fact holds if the radial mean curvature at r, or the radial sectional curvature 
at r, tend to zero as r — > +00. 

Proof. Let Xi(Br) be the infimum of the functional in (|4.1j) with test functions in C^°(Br), namely 
\i(Br) is the first eigenvalue of the Laplace-Beltrami operator on Br under the Dirichlet boundary 
condition. From [18] we recall the estimate 

1 



(4.2) 



Xi(B R ) > 



4F(R) ' 



where F(R) := sup H R (r) for any R € (0, +00) and 

0<r<R 



H R (r) 



^(s))"- 1 ds 



Ms)) 



1_n ds 



Since the map R Xi(Br) is decreasing and Xi(M) = lim Xi(Br), one has 

R— ¥+00 

Xi(M)> lim — ^— . 
v ' ~ R^+oo 4,F(R) 

In particular, the claim can be proved by showing that F(R) stays bounded. 
We have that lim Hp(r) = and, by applying twice the l'Hopital rule, that 



r^R- 



lim H R (r) 

r— »0+ 



lim 



(ip(r)Y 1 - 1 

On the other hand, for < r < R, we have 



= lim 



tl>(r) 



r->o+ \ (n - l)^'(r) 



H' R (r) = Mr)) 



n-1 



l-n 



ds 



Mr)) 1 



(VKs))"- 1 ds 



Since lim HrW) = lim Hr(t) = and HrM > for any r 6 (0, R), then 77r admits a local 

r->0+ r->fl- 



maximum point ro € (0,-R). This yields, 



H R (r) < H R (r ) 



'C(i,(s)r-ids 



(V>M) 



n-1 



for every re (0, R) 



Then, condition (H3) assures the boundedness of the latter quotient and, in turn, proves the claim. 

In p; 

ip(r) 



To see this, note that (#2) — (^3) yield lim ip(r) = +00. In particular, by the Cauchy Theorem 



lim sup , , , . . -, < Inn sup . 

(^(r))"" 1 " r ^+J (n - \W(r) 



< +00 



r— >+oo 
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To prove the second part of the statement, we notice that, denoting by V(r) the volume of the 
geodesic balls of radius r centered at o, we have by l'Hopital rule, since the last limit below exists: 

hm m = lim (y; =(w -d i im m =0 . 

Hence for all e > there is r e such that < V'(r)/V(r) = (logV(r)) < e for all r > r s . Integrating 
between r e and r we easily get that 

lim lQgWr)) = 0. 

r— f+oo T 

By a classical result of Brooks (see [7]) this implies that Ai(M) = 0. We mention by the sake of 
completeness that the same conclusion can be obtained by verifying that the necessary and sufficient 
condition (|4.3p for the validity of the Poincare-Sobolev type inequality below, is not satisfied when 
p = 1 under the running assumptions. 

The fact that the claim holds when the radial mean curvature at r tends to zero when r — > +oo is 
obvious from its expression given in Section 11.11 The radial sectional curvature at r tends to zero 
when r -4 +oo if and only if ?//'(r)/?/)(r) —> 0. This implies that ip'(r)/ip(r) — >• as well. In fact, 
if %p'(r)/ip(r) has a limit, l'Hopital rule implies that it must be zero, as claimed. Should i/)'(r)/i/j(r) 
not have a limit, it must have a sequence of stationary points r k — > +oo as k — > +oo, so that 
■0"('"fc)/y ( r fc) = 4>'(j'k)l'>P{ r k), so that in particular ip"(r k ) 0. Hence 

f(r k ) _ i)"{r k ) V'(r fc ) _ ^"(r k ) ^{r k ) ^ (4>'{r k )\ 2 _ i>"(r k ) 



4>(r k ) ip(r k ) 4>"(r k ) 4>(r k ) ~ip'{r k )' ' \ip(r k ) J 4>(r k ) 
which tends to zero by assumption if k — > +oo, contradiction. □ 

Next we show the validity of a Sobolev embedding for the space H^(M) of radial functions in 

Lemma 4.2. Let n > 3 and assume that tp satisfies (Hi) — (H3). If 1 < p < then the embedding 
H^(AI) C L V+1 (M) is continuous and if 1 < p < ^| then the embedding is also compact. 

Proof. Following [23], we define ACr(0, +00) the set of all functions absolutely continuous on every 
compact subinterval [a, b] C (0, +00) which tend to zero as r — > +00. Then, according to [231 Theorem 
6.2], the inequality 

2 

(/'+oc \ J+T r+00 

J |u(r)| ,,+1 ^ n - 1 (r)drj <C n , p J [v! '{r)f 'i^ 1 (r) dr for all u e AC R (0, +00) , 

holds for some C n . P > 0, if and only if 



p+i 



-00 



sup fnA*)--= SU P / 4> n ~\r)dr) / tf- n (r)dr) < 

0<:r<+oo 0<a:<+oo \J Q J \J X 

The known asymptotics for tjj as x — > + yield 

(4-4) f n . P (x) ~ nl/{p+1) l {n _ 2)1/2 x^*^ as x -+ 0- 



where the integrability of t\r n (r) in (x, +00) comes from (iJj 
On the other hand, we claim that 



:',) 



r+00 

(4.5) limsup( / ( / ip 1 ~ n (r)dr) < +00 

x— >-\-oc 
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from which we easily conclude that for p > 1 



i i 

p + l 2 



Urn f n ,p(x)= lim I J f 1 ' 1 (r) dr J V n_1 (r)drJ N ^ 1_ ™(r)dr 

To prove (|4.5j) . we first note that (^2) — (#3) and the Cauchy's Theorem yield 

lim sup — — ; — < lim sup 7 tttt? s < +°° ■ 

(1PK X )) x^+oc (n-l)tp'(x) 



and 



Then, 



lim sup < lim sup tttt; ; < +°° 



limsupf/ V" _1 W<ir^ ( [ tp 1 - n (r)dr 

limsup Jo / ,: / _„1j' 1 j * < +00. 



(^(x))"- 1 / I {i'(x)) 1 - n 



Let us denote by C~ (M) the space of radial functions in C£°(M). By (gUJl , (JOJ) , (gSJ we deduce 
that if 1 < p < then 



IMlL>+i(M) < C'n.p / l V 3</?lg ^ , 
JM 



for any function <p € C^° r (M). 

Therefore, by density of C^° r (M) in H}(M) (see [El Theorem 3.1]) we obtain the continuous 
embedding H^(M) C LP +1 (M) for 1 < p < 2±|. On the other hand [H Theorem 7.4] yields that 
the same embedding is compact if and only if lim f np (x) = = lim f n p(x)- This condition is 

satisfied when 1 < p < □ 



i?nc? o/ </ie proof of Theorem \2.2[ The existence of a nonnegative minimizer to 



(4.6) inf 



J M \V g v\ 2 g dV g 



2 1 



vem r (M)\ { o} (f M \ v \ P +i dVg)^ 1 

follows in a standard way by Lemmas 14. 1114.21 Up to a constant multiplier a nonnegative minimizer u 
of (|4.6[) is actually a radial solution of (|1.1[) and hence a nonnegative solution of (|1.3[) . Furthermore 
u(r) > for any r > by local uniqueness for a Cauchy problem. 

4.2. Proof of Theorem 12.41 The proof follows the line of [HJ Theorem 1.3] where the case ip(r) = 
sinh(r) is dealt. Hence, in the sequel we will only quote which are the main differences. 
First we have uniqueness for Dirichlet problems on bounded domains. 

Lemma 4.3. Letl <p < ^| andip satisfy assumptions (Hi) — (H 2 ). Furthermore, let G as defined 
in Theorem\2.4\ satisfying the A— property as required there. Then the Dirichlet problem 



(4.7) 



Wr ))n-i [(V>M) n -V(r)]' = Kr)rVr) r € (0,R) 



v'(0) = v(R)=Q. 
has at most one positive solution. 
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Proof. The proof follows plainly the lines of [22] Proposition 4.4]. The main difference is that the 
auxiliary energy considered there, here has to be replaced by 

Mr) ■= t^M^VM) 2 + + \ G(r)(v(r)f , 

I p + 1 2 

where 5 and G are as in the statement of Theorem 12.41 and v(r) := ip 5 (r)v(r). See also [21] where 
this substitution was originally introduced. In particular, if v solves (|4.7|) then v solves 

^<5(P-U( r )£"( r ) + I(^(p-i)( r ))'^'( r ) + G(r)v(r) + 5"(r) = (r > 0) 



and 



±Ev{r) = \G'{r){v{r))\ 



We have G(r) ~ 5(5 + 2 - n)r s ^-^- 2 as r -> 0+, where <5 + 2 - n < and <5(p - 1) - 2 < 0. Namely, 
G(r) — > — oo for r — >■ + . This, combined with the assumptions required on G yields that either 
G'(r) > for every r > or there exists r\ > such that G'(r\) = 0, G'(r) > for every r £ (0,ri) 
and G'(r) < for every r > r\. Then, all the arguments of [22] Proposition 4.4] work. See also the 
proof of Lemma l4~8l below. □ 



Let u £ ff 1 (M) be a positive radial solution of as given in Theorem l2.2l (possibly not unique). 
The next two lemmas show that every solution v to (|1.3|) with < v(Q) < u(0), is necessarily of one 
sign. Furthermore, v intersects u exactly once. First, by exploiting Lemma l4.3[ we have 

Lemma 4.4. Let 1 < p < 2±± and ip satisfy assumptions (Hi) — (H3). Furthermore, let G as defined 
in Theorem \2.4\ satisfying the A—property as required there. If u andv are two solutions to (|1.3p with 
u(r) > for every r > and < v(0) < u(0), then v(r) > for every r > 0. 

The proof of Lemma l4~4l is the same of [22] Lemma 4.1 and Corollary 4.6]. The main tools exploited 
there are uniqueness for Dirichlct problems on bounded domains and the Poincare-Sobolev inequality 
in the hyperbolic space. In our case, they are given, respectively, by Lemma 14.31 and by Lemmas 
ill 

On the other hand, exactly as in [22] Corollary 4.6], one shows 

Lemma 4.5. Let 1 < p < ^| and tp satisfy assumptions (Hi) — (H 3 ). Let u and v be two positive 
solutions to (TQ|) with < v(0) < u(0). If u e i? x (M), then u — v has exactly one zero. 

Next we discuss the asymptotic behavior and uniqueness of radial ground states. 

Lemma 4.6. Assume that ip satisfies assumptions (Hi) — (H2) and (|2.2| holds. Furthermore, let 
u £ H 1 (M) be a positive solution to (|1.3[) with p > 1. If I < +00 in (|2.2p , then 

(4.8) hm l0gW) =-(n-l)i= lim l0g|u ' (r)l 



^+00 7* r— >-\-oo 



till 



d 



u'(r) 

(4.9) lim -Al = -( n -l)l. 

r->+oo u(r) 



If I = +00 in (|2.2[) . we have 

(4.10) lim l0g( " (r)) = lim 1 °gKWi = _ 0O; lim 44 = _oo, 
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and 

(4.11) Ihn ^M = -(n-l). 

Proof. We omit the proof in the case I < +00 since it can be deduced by arguing as in [HI Lemma 
3.4]. Suppose now that I = +00. For every k > there exists r k > such that 

u"(r) + (n- l)fcw'(r) + -u(r) > for all r > r k . 

k 

Namely, 

(e _A - (fc)r z(r)y > for all r > r k , 

where z := u' — A + (fc)it and A±(fc) := — — — 1 ^ fc± v / ^" 1 ) k 4 Z^ Then, two integrations in [r, r], with 
Tk l£ t < r, yield 

u(r) > Bfc(r) e A + W r - - ./^ — e A "W r for all r > r fc , 
A + (fc) — A_ (k) 

where A fe (r) := e- A -W T z(r) and B k {r) := u{r)e- x +^ T + rjzfQm e~ (A + ( fc )-A_(fc))r_ Wc daim 
that B k (r) < for r > rfc. Otherwise, B k (r) > eventually. We recall that 

Here and in the sequel C k denotes a positive constant sufficiently large which may vary from line 
to line. Then, u(r) > B k (r) e x + {k)r + o(e A +W r ) as r —> +00. But this, combined with (|2.2[) . yields 
r o + °° il) n - l (r)u 2 (r)dr > C k f+°° e V(™- 1 ) 2fc2 - 4 / fc '' dr for some C k > and contradicts the fact that 
u E H 1 (M). Hence, B k (r) < for r > r k and we conclude that 

(4.12) u'{t) < X-(k)u(T) for all t > r k . 
Then, 

v! (v) losfufr)) 
lim sup — ff < A_ (fc) , lim sup &v v < A_ (k) for every fc > 

and the first and the third limit in (|4.10[) follow since lim A_(fc) = — oo. On the other hand, by 

k— >-+oo 

(]1.3[) , the third limit in (|4.10p , the fact that lim u{r) = and that I = +00, we have 

r— >+oo 

r-s.+oo u'(r) ip. (r) r^+oc y it (r) ip (r) J 

By this, the second limit in (|4. 10[) and (|4.11[) easily follow from the l'Hopital rule. □ 

Lemma 4.7. Le£ n > 3 and 1 < p < Assume that ip satisfies (Hi) — (H3). Then for any radial 

positive solution u £ H (M) of there exists L G (— 00, 0) such that 

(4.13) lim ^""WO - ) =L. 

r— >+oo 

Moreover 

(4.14) lim ^"^(rWr) = . ^ - if I < +00 , 

7--S- + 00 (71 — 1J/ 



a/; 



it(r) 



( 4 - 15 ) ijm r+oc -^7— =W */Z = +^. 
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Proof. The existence and the negativity of the limit in (|4.13[) simply follows by ()1.3|) . It remains to 
prove that L > — oo. If I < +00 from (|4.8j) the bound 

u(r) < C s e- {{n - 1)l - S)r for all r > , 

holds for every 6 > 0. By this, (|2.2j) and ()1.3[) . we deduce that 

(^ n-1 (»V (r))' > -C(e, 5)e-[« n - 1 ^-^-( i+£ ^"- 1 )] r for all r > , 

for every £ > and <5 > 0, where C(e, S) > 0. Next we fix e = an d we assume 5 = 5(e) to be 

such that Sp < 2 • Then, an integration in [0, r] yields 

V^-^rXM > C[e- [J if - 5p]r - 1] . 

Namely, 

V^V)?/ (r) > -C for all r > 

and L > —00. 

Next we assume I — +00. From (|4. 10|) we know that for every e > there exists R e > such that 
log|u'(r)| < -((n- 1) -e)logV>(r) for all r > R e . 
Furthermore, from (|4.12j) . for every k > there exists > such that 

logu(r) < log — log |A_(fe)| for all r > r^ , 

where lim A_(fc) = —00. Fix e = (p^ 1 ^" -1 ) in order to obtain after integration 

u(r) < C7/T ( "~ 1)(p+1)/2p (r) for all r > , 
for some C > 0. By this and integrating the equation in [0,r], we conclude that 

i> n - l {r)u'{r) > -C p f V" ( "" 1)(p " 1)/2 (s)ds > -K , 
./o 

for some finite and for all r > 0. Hence, again we infer that L > — 00. □ 

Lemma 4.8. Le£ 1 < p < Assume that tj) satisfies the assumptions of Theorem \2.4\ 

Then admits a unique radial positive solution U £ H 1 (M). 

Proof. We follow the proof of [231 Theorem 1.3]. By contradiction, assume that u and v are two 
positive solutions to (| 1 . 3[) such that u, v € H 1 (M) and w(0) < u(0). By Lemma 1431 u and w intersect 
exactly once at rQ. 

We claim that 7(f) := v{r)/u(r) is strictly increasing in (0, +00). From the equation we know that 
[(V(r)) n -V(r)u(r) - u(r)u'(r))]' = (ip(r)) n - 1 u(r)v{r)((u(r)) p - 1 - (w(r)f- 1 ) . 

Hence, 

[(V'(r))"- 1 (w'(r)u(r) - «(r)u'(r))]'(ro - r) > Vr ^ r . 
By (|4.13|) and the fact that lim u(r) = lim v(r) = 0, we deduce that 

r— ^-foo r— ¥+00 

(4.16) lim O(r))"- 1 (v'(r)u(r) - v(r)u'(r)) = . 

r— !-+oo 

Hence, i/(r)u(r) — v(r)u'(r) > for r > and 7'(r) > 0. 

Now, we set u(r) := (tp(r)) s u(r) and v(r) := (tp(r)) s v(r), where 5 is as in the statement of Theorem 
12.41 Then, for Eg as in the proof of Lemma 14. 3[ for any < e < R and r g (0, R), we get 

(4.17) Pk(R) - 7 2 (r)Eg(R) = Eg(e) 7 2 (r)E~ u (e) + \ [" ' G' (s)[(d(s)) 2 - J 2 (r)(u(s)) 2 } ds . 
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Since G(r) — > — oo as r — > + (see the proof of Lemma l4~3|) . by assumption we have that either G' > 
in (0, +oo) or there exists n > such that G'(n) = 0, G' > in (0, n) and G" < in (n, +oo). Wc 
claim that 

(4.18) Eg{R) -> and Eq(R) -> as i? -> +oo . 

We now show that with the help of (|4.18p we arrive to the conclusion of the proof. 
If G' does not change sign, take r = e in (|4.17[) . Letting e — > + we get 



£ ff (i?)- 7 2 (0)£ s (i?) 



G'( S )[R S )) 2 - 7 2 (0)(u( S )) 2 ]d S >0. 



Letting i? — > +oo, (|4.18|) leads to a contradiction. 
If G' changes sign, take r — r% in (|4.17j) . Letting £-)0 + , we get 

Eg(R) — "f 2 (ri)Eu{R) 



^ G'{s)[{v{s)f - 1 \r 1 ){u{ S )f]ds+\ 



G / ( S )[(v( S )) 2 -7 2 (n)(S( S )) 2 ]d S <0. 



Letting i? — > +oo, (|4.18|l leads again to a contradiction. 
It remaind to prove (|4.18j) . First we note that, from (|4.14j) and (|4.15j) . if I < +oo we have 



ip 6 (r)v{r) 



(n-l)Z 



,_I£±1H / s 

i/> 2 (r j as r — > +oo 



and if Z = +oo we have 



V^ 1 n (s)ds as r — >• +oo 



Hence, in both the cases we conclude that v(r) — > as r — > +oo. Then we consider 

G(r)(£(r)) 2 = 5(8 + 2 - n)^\r) f^) ' v\r) 5 ^\r)^^v 



! (r) 



If I < +oo and (j4TT4|) give 



G(r)(u(r)) 2 i— r ,;' 1 V W as r +oo 



(n- l) 2 

and \G(r)\(v(r)) 2 ->• as r ->• +oo. If / = +oo, P~T2l and P~T3)) give 



^( P +i)( r ) 



v 2 (r) < 



yiis+H^fir) \v'(r)\ 



1>{r) |A_(fc)| 



\L\^- S (r) V(r) 



|A_(fe)| V(0 



as r -> +oo. Hence, by (|23]h ^ (p+1) (0 (^y)" 

u 2 (r) — > as r — > +oo. Similarly, 
^(p+D( r )£M£!M „2( r ) ^oasr^+oo and, in turn, |G(r)|(w(r)) 2 -> as r -> +oo. 



i/?(r) Tp' (r) 

Finally, we compute 



^ ff(p - 1) (r)(t5'(r)) s 



= 5 2 V/ (?,+1) (0 f ^) v%r)+2S^ +1 \r)^^v(r)v'(r)+^ +1 \r)(v'(r)) 



if / < +oo dmni) and dmn) g h 

^(P-I)( r )(^'( r ))2 _ L 2 



?/>(r) 



5 2 



2<) 



+ 1 ) V 25 (r) asr^ +oo 



(n — l) 2 n — 1 

Namely, ^(P" 1 ) (r)(w'(r)) 2 -> as r — > +oo. When / = +oo, the same conclusion can be reached by 
exploiting ([23)1 , (|4.12p and (|4.13j) as shown above. The limits so far proved yield f|4.18|) . □ 
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When a is large, the same proof of [H Lemma 7.1] gives 

Lemma 4.9. Let tjj satisfy assumptions (Hi) — (-^2)- Furthermore, let u be a solution to (jl.3l) with 
1 < p < ^| and a > ao sufficiently large. Then u changes sign. 

Finally, following the proofs of Lemmas 7.2, 7.3, 7.4, 7.5], we conclude. 

Lemma 4.10. Let 1 < p < V' satisfy the assumptions of Theorem \2.4\ and U be the unique 

ground state as given in Lemma\4-.8\ Then, any solution to (|1.3[) with a > U(0) is sign- changing. 



The proof of Theorem 12.41 now follows from Lemmas l4.8H4.10l 

4.3. Proof of Proposition [HU Note that G'(r) = Si/} s ^-^- 3 (r)h(r), where 

h(r) := (8(p - 1) - 2)(S + 2- n)(^(r)) 3 - iP"' (r)^ 2 (r) + (6(3 - p) + 5 - 2n)^'(r)i>" (r)^(r) . 

Clearly, h(0) = (6(p - 1) - 2) (6 + 2 - n) > for every 1 < p < s±|. We prove that /i'(f) < for 
every f > such that /i(f) = 0, then /i admits at most one zero and the A— property follows. 
For such f, a few computations yield 

h'(f) = A p>n (i>'(r)) 2 TP"(f) + B p ^(r)4,'(fW"(r) + ^ 2 (f) _ ^ ^ 

A P) „ = 2(5 2 (p - 1) + 6((3 - 2n)p + 2n - 5) + 2n - 3 
-(2n - 3) V + 6(2n - 3)p + 4n 2 - 8n - 5 2n + 1 

= <° fOTCVCry P ^2^3 

and B p>n :=S(3-p) + 3-2n<0 for every p > 1. Note that §^±| € (1, 2±|). 

Summing up, if ^ satisfies assumptions (-Hi) — (H3), ip"(0) = 0, ip'"(r) > and (^pT^y) < f° r 
every r > 0, then G satisfies the A— property for every 2 "j^ < p < 

4.4. Proof of Theorem 12.61 The statement of (i) is contained in Lemma T4. 71 

Lemma 4.11. Let the assumptions of Theorem \2.6\ hold and let u ^ iJ 1 (M) be a positive solution to 
(|1.3|) . There exist no strictly positive constants C,f3 such that u(r) < C(ip(r))~@ for all r > 0. 

Proof. Suppose by contradiction that there exist C, (3 > such that u(r) < C(ip(r))~P for all r > 0. 
Proceeding exactly as in the proof of Lemma [3.11 we arrive to the estimate (|3.2p . Integrating (|1.3I) 
and exploiting (|3.2[) , we infer w'(r) > — C^^r)) 1- ™ and any r > 0, for some constant C > 0. This 
shows that u' £ L 2 (M). Another integration then yields u(r) < C j 00 (^(s)) 1-71 ds for any r > 
and, in turn, by (H3) we obtain u(r) = 0((ip(r)) 1 ~ n ) as r — > +00. This implies u e L 2 (M). We have 
shown that it £ H 1 (M), a contradiction. The proof of the lemma is complete. □ 

Lemma 4.12. Let the assumptions of Theorem \2.6\ hold and let u £" iJ 1 (M) be a positive solution to 
(|1.3[) . Let P = P(r) be defined as in the proof of Theorem \2.7\ Then P(r) admits a limit as r — > +00. 

Proof. From the proof of Theorem 12.71 we recall that P'(r) := K(r)(u' (r)) 2 . Hence, by (|3.1[) 



lim K(r) = lim (ip(r)) r 



(n - l)(p + 1>0 (r) 



(^(r))' 

and the statement follows. □ 

EM 0/ the proof of Theorem ] 2.6] Thanks to Lemma 14.121 we may put 7 := lim r _ s . +00 P(r). If 7 < 
then P is obviously eventually negative. In such a case we may proceed exactly as in the proof of 
Theorem 12.91 and arrive to the estimates (ii) and (iii) of Theorem [ 
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Suppose now that 7 > 0. Since P is eventually nonincreasing then P is eventually nonnegative. 
Therefore there exists r > such that 

(4.19) (u\r)f + Y) u(r)u\r) + -—{ u {r)Y +1 > for any r >r. 

P + 1 Jo w( s )) ds P + 1 

Suppose now that linv-^+oo u(r) = 0. Since I > up to enlarging r, we have that 

, \vi ( rr^T ! 3 1 (««) 2 -AW r )) P+1 > for any r>r. 

b + 1) 2 v/o (^(s))"- 1 p + r 

Solving the second order equation in (|4.19[) with respect to u'(r), we arrive to the following alterna- 
tives: either 



U 'fr)<-J: u(r) 



1 / (V(r))"" 1 V . . „ 2 2 



( u (r)) 2 -— -^(r))^ 1 



(p+1) 2 \ / '(^( s ))n-ids / v v " p+1 



or 

2 



1 ty(r)) 



Tl-l 



1 / (^(r))"- 1 \ . . ,, a 2 



The first alternative may be excluded since otherwise by (|3.ip we would have 

u'(r) n — 1 — e tp'(r) 

—r-r < — : rj-r for any r > r e 

uyr) p + 1 ip[r) 

for some e € (0, n— 1) and r e > 0. Integration of this inequality provides a contradiction with Lemma 

Therefore the second alternative holds true. Proceeding similarly to the proof of Theorem 2.3] 
we then obtain 

u'(r) > -2(«(r))«»JaV_U_ . 
Exploiting (|3.1|) and (|2.4|) . this implies 

lim -4-f = . 

r^r+oo u(r) 

In particular using again (|2.4[) , this gives the validity of Lemma 13.21 Now one can follow exactly all 



the steps of Theorem 12.91 and arrive to the proof of part (iii) if ^ ^ L l (0, 00). 

Otherwise we arrive to a contradiction with the fact that u vanishes at infinity. This gives the proof 
of part (ii). We recall that the existence of linv^+oo u(r) and the fact that it is finite follows from 
Proposition 12.11 

5. Stability 

5.1. Proof of Theorems 12.11112. 121 We start with a simpler characterization of stability for radial 
solutions of (jl.ip . 

Lemma 5.1. Let if) satisfy (-Hi) — (H3) and let u be a radial solution of (jl.ip . Then u is stable if 
and only if 

r+00 r+00 
(5.1) / (x'(r)) 2 V>"~»*--jj / \u{r)\ p - 1 x 2 (r)i> n - 1 (r)dr>0, 

Jo Jo 

for every radial function \ G (M) . 
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Proof. Clearly stability of any solution u of (jl.ip is equivalent to 

(5.2) / / [(^ r (r,e)) 2 + |V S n- l¥ p(r ) e)| 2 V- 2 (r)]V n - 1 W^rf0 
Jg»- 1 Jo 

r- r+oo 

-P / \u(r,Q)\ p - 1 ip 2 (r,e)i> n -\r)drde>0 V </? e C c °° (M) . 
Js"- 1 Jo 

In particular if u is radial then (|5.1[) follows immediately On the other hand if assume (|5.1|) we 
obtain 

/• r+oo 

(5.3) / / [(^(r,e)) 2 + |V s „- 1 ^(r,e)| 2 V- 2 (r)]^ 1 (r)drde 
JS"- 1 Jo 

> / Ue{r)) 2 r-\r)drdQ> p |«(r)r ^(r) ^(r) dr d9 

JS™- 1 JO JS"- 1 Jo 

+oo 

-1,.2^„ q\ „/.n-l/ 



= P / / |u(r)|^V(r,W (r)drde, 

JS"- 1 Jo 

where we have settled x©( r ) := v( r > ©)■ D 
From the next two lemmas it follows that any solution (|1.3|) with a > small enough is stable. 



Lemma 5.2. Lei f/> satisfy assumptions (Hi) — (H3) and let u a be a solution of ()1.3|) with a > 0. 
T/iew |u a (r)| < a for any r G [0, +00). 

Proof. Let -F Q (r-) = 5|ua(0| 2 + ^Tll M a( r )l P+1 be the Lyapunov function corresponding to the solution 
u a . From (|1.3|) one gets that F a is nonincrcasing in [0, +00) and hence for any r > 

^q^ 1 = F a (0) > F a (r) > ^K(r)\ p+1 • 

This completes the proof. □ 

Lemma 5.3. Let tp satisfy assumptions (Hi) — (H3). Furthermore, let u a be a solution to (|1.3[) with 
\ a \ < ^ Al p M ^ ■ Then, u a is stable. 

Proof. For simplicity, let a > 0. By Lemma 15.21 |u Q (r)| < a for every r > 0. The statement follows 
by combining P~Tj) with ([21)]) . □ 

Next, under suitable assumptions, we show that stable solutions cannot be sign-changing. 

Lemma 5.4. Let ip satisfy assumptions (Hi) — (H2). Then, any stable solution to (| 1 - 3[) has constant 
sign. 

Proof. By contradiction, let u be a stable solution to (| L . 3[) such that u(R) = for some R > 0. Next, 
we set vn(r) := u(r)x[o,R]( r ) € Hq(Br), where X[o,R]( r ) denotes the characteristic function of the set 
[0, R] and Br is the geodesic ball of center o and radius R. Standard density arguments yield that 
vr is a valid test function in (|5.2[) . namely 

/>+oo 

(5.4) / (v' R (r)) 2 ifj n - l (r)dr -p / |u(r)| p_1 («fiW) 2 <*r > . 



On the other hand, multiplying the equation in (|1.3p by vu(r)ip n (r) and integrating, we get 

+00 /"-foo 

(^(r)) 2 V" _1 (r)dr = / \u(r)\ p - 1 uv R (r)^ n - 1 {r)dr . 
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Recalling the definition of vr, this yields 

+00 Z'+OO 

dr -p / Hr^ivR^fr-^^dr 



= (1 -p) / \u(r)\ p+1 V> n_1 (r) dr < . 
Jo 

The above inequality contradicts (|5.4[) and concludes the proof. □ 
Next we exploit well-know results for the euclidean case to deduce the following lemma. 

Lemma 5.5. Let tjj satisfy assumptions (Hi) — (H-i). Let n < 10 and p > 1 or n > 11 and 
1 < p < p c (n) = & ^^^p . TAen i/iere exists a > suc/i £/ia£ /or an?/ a > a, i/ie solution u a 



of (|1.3|) is unstable. 

Proof. We argue by contradiction. Let be a stable solution to (|1.3[) with a = A 2 /^ 1 '. As in [SJ 
Lemma 7.1], we define 

vx(s) = (|) . 

Hence, «a(0) = 1 and v\ satisfies 

By (i?i) and Ascoli-Arzela Theorem we have that — > v in C 1 ([0, 5]) as A — > +00, for any < S < 
+00, where TJ solves the equation 

v"(s) + ^—^v'(s) + MsW'^s) = 0, v(0) = 1 . 
s 

On the other hand, by assumption u\ is stable and from (|5.2[) we have 



for every radial function x e C~(M). Next, we set /^(r) := 77 (r A) G Cf(M), for some 77 e C^°(M) 
radial. Choosing 77^ as test function in the above inequality and performing the change of variable 
s = Xr, we deduce 

(V'(s)) 2 (V'( X )J ds-p J \v x (s)rW(s) 



ds > 0. 



for every radial function 77 S (7^° (M). Let us fix 5 > in such a way that supp rj C B$- By Lagramgc 
Theorem, for every s G [0, 5] there exist 0<£<fand0<|er|< l^^if such that 

(5.5) ty(i)Y~ 1= (i)^ 1+9 & a) (jY asA ^ +TO ' 

where g(£, a) = (n - 1) (1 + cr) n ~ 2 This yields 



+00 f-\-oo 

2 71-1 



,'( s )fi^l s n ds 



+00 /'+00 



kA(s)| p - 1 r? 2 (s) s™- 1 ds -p / |u A (s)| p_1 r? 2 (s) a" ds > . 



Hence, as A — > +00, we conclude that 

+00 /-+oo 

(?7'(s)) 2 s"- 1 ds-jj / |TJ(s)| p - 1 7 ? 2 (s)s"- 1 d.s > 0, 
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for every radial function rj G C^°(M) or, equivalently, for every radial function 77 G C£°(R n ). Namely, 
v is a stable solution to the euclidean equation. Since, by assumption, n < 10 and p > 1 or n > 11 
^"(n-^Kn-M) 1 " 1 ' contradicts [121 Theorem 1], □ 



and 1 < p < p c {n) 



Let us introduce some notations which will be used in the sequel. For any r > 0, let us denote 
by v a (r) the derivative with respect to the initial value a, i.e. v(a,r) := §^(a,r). We will show in 
Lemma 15.61 that the function v a is well-defined. For any a > (3 let us define 

(a/3 : = sup{r G (0,oo) : u a (s) > Up(s) for any s G (0, r)} G (0, +00] . 

When £ Q .^ < +00 then £ Qj £ is the first zero of u a — tt^. 

Lemma 5.6. Let ip a function satisfying (Hi) — (H3). Let a, b, R G K &e suc/i £/iat 6 > a > 0, i? > 
and w a (r) > for any r G [0, R] and a G [a, 6]. Then for any r G [0, R], the map a <— > u[a,r) is 
differentiable in [a, b] and moreover for any ao G [a, b] 



(5.6) 



lim sup 

a^a re [0,R] 



<9u 0u 
_(a, r )-_(a ,r) 



0. 



Furthermore for any a G [a, 6] t/ie function v a (r) := ||^(a,r) ; r G [0,i?], zs a radial solution of the 
equation 

in B R . 



-A g v a =p\u a \ p 1 v a 



Proof. For any r G [0, i?] and a G [a, 6] let us define 

Ma(r) - M ao (r) 

w(r) = - v aa (r) 

a — ao 



and 



z(r) = w (r) 



where by v ao we mean the unique solution of the Cauchy problem 
(5.7) 



v"{r) + (n - „'( r ) = -pI^MI'-^M 



^(0) = 1 i/(0) = 
corresponding to a = ao- With this notation the following identity holds 



z'(r) + (n-l)^z(r) 
ip(r) 



K(r)\^ 1 u a (r)-\u ao (r)\*- 1 u ao (r) 



p\u ao {r)\ p v ao (r) 



a — ao 

By elementary estimates and continuous dependence with respect to a, we deduce that there exist 
5 > and C > such that for any 5 G (0, S), a G (ao — 6, ao + 5) n [a, 6] and r G [0, R] 



< 



■pKo<»| P v °<o( r ) 

a — ao 

\u a (r)\P- 1 u a (r) - lu^jr^P^Uq^r) ,_m p -i ^(r) - u ao (r) 

P\ u a \< )\ 

a — ao 

l u a (r) - u ao (r) 



a — ao 



P\u a0 (r)\ p ~ 



a — ao 



■ P\u a0 (r)\ p 1 v ao (r) 



<C \-p\Ua {r)\ p \w(r)\. 

a — ao 

By continuous dependence, for any e > there exists S G (0, S) such that for any a G (ao — S, ao + 
S) n [a, b] and r G [0,R] we have sup \u a (r) — u ao (r)\ < e and hence by (|5.8[) and the fact that 

re[0,fl] 



26 



ELVISE BERCHIO, ALBERTO FERRERO, AND GABRIELE GRILLO 



u a „ < cto and v ao < 1, we also obtain 



\u a {r)\P l u a {r) - \u ao (r)\ p 1 u ao (r) 



a — ao 

< {pa^ 1 + Ce)\w(r)\ + Ce for any r G [0, R] and a G (ao — 5, ao + S) n [a, 6] 
Since io(0) = 0, by the previous inequality we also have 
K( r ")l p_: V(r) - |u ao (r)| p - 1 u ao (r) 



< (pag 1 + Ce) / |z(s)|ds + Ce for any r <G [0, R] and a G (ao — <S, ao + <5) n [a, 6] 
Jo 

Simple estimates then yield 

\z{r)\ < K(pa p ~ 1 + Ce) f \z(s)\ds + KCe 
Jo 



for any r G [0, R] and a G (ao — S, ao + <5) n [a, 6] where -fT := sup -2— =-— — . Standard 



f r-\s)d S 



Gronwall-type estimates then yield lim sup \z(r)\ = and, in turn, 

a ^ a ° r€[0,R] 

lim sup |u>(r)| = . 

This proves the differentiability with respect to a of the map a i— > u(a,r) and shows that the 
derivative with respect to a is a solution of (|5.7|) . The proof of (15.61) is a consequence of a standard 
continuous dependence result for the Cauchy problem ([5. 7(1 . □ 

Lemma 5.7. Let ip satisfy (Hi) — (H3). Let a\ > C12 > > > be such that u ai (r) > 
0, u a2 (r) > 0, u a3 (r) > 0, u ai (r) > for any r G [0, Ro) for some < Ro < +00. IfCa 3 a 4 < -Ro «s i/ie 
/irsi zero of u a:i — u ai then ( ai a 2 > the first zero of u ai — u a2 , is finite and it satisfies C«ia 2 < Ca 3 a 4 - 

Proof. The proof can be obtained proceeding exactly as in the proof of [5J Lemma 7.3]. □ 

We now show that Xi(B r ) diverges as r — > + . 

Lemma 5.8. Le£ satisfy (Hi) — (-£^2)- Then 

lim Ai(-B r ) = +00 . 
r->o+ 

Proof. By (-Hi) — (-H2), for any r there exist < Ci < C2 depending on r such that 

C\r < ip(r) < C2r for any r G [0,r] . 
Fix r and for any r G [0, r] let us consider 93 G C^°(B r ) and the quotient 

j Br rv^i^ min{c 1 "- 1 ,c'r- 3 }/^ rvgj^ minjerser!} fBB) 
- cr 1 i B? ^{x)dx - cr 1 

where Bf C K" denotes the euclidean ball of radius r centered at the origin, tp G C^ > (Bf 1 ) the 
function defined by (J5(x) = y(|x|, x/|x|) for any x G Bf? and Xi(Bf?) the first eigenvalue of —A with 
Dirichlet boundary conditions in the euclidean ball B^ ■ Since the previous inequality holds for any 

if G C r °°(B r ) then 



(5-9) Xi(B r ) > ^ n _i 1 J Ai(Bf). 

y 2 



im{ g^ip r~ 3 } 
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It is well known that thanks to a rescaling argument one has lirn r _ s . + Xi(B^) = +00. Therefore 
passing to the limit in (|5.9|) as r — > + we arrive to the conclusion of the proof. □ 

Lemma 5.9. Let ip satisfy (-Hi) — (H3). Let a > j3 > and let u a , up be the corresponding solutions 
of (|1.3|) . If up is unstable then u a is unstable. 



Proof. We assume u a positive otherwise the statement follows by Lemma 15.41 

First suppose that u a and up have no intersection points. If they are both positive the conclusion 
is obvious. If up changes sign, we reach a contradiction by Lemma 15.71 with a.\ = a, c<2 — 03 = /3 
and 0:4 = 0. 

Next we assume that u a and up have at least one intersection point. Let Cap be the first zero of 
the function u a — up. By (|1.3j) we deduce that u' a (C a p) < u'p(Q a p) so that there exists 5 > such 
that u a (r) < up(r) for any r G (CapiCap + S). By continuous dependence on the initial datum we 
deduce that there exists a G such that for any 7 G [a, a] we have Uy(r) < up(r) for any 

re {( a p+6/2,(ap + 5). 

By Lemma 15.71 we have that u a and u 7 admit at least one intersection point and moreover 

(5.10) Cc<7 < Cap < +00 for any 7 G (a, a) . 

Let us note that as above one can show that for any 7 € (a, a), u a < u 7 in a arbitrarily right 
neighborhood of £ a7 . 

Let {7^} C [a, a) be a sequence such that -fk t a - 

Then for any k there exists ru € (Co^i Ca^ + 1) such that 

u(a,r k ) - u(j k ,r k ) 
a - 7fc 

and by Lagrange Theorem and Lemma 15.61 we deduce that there exists a k £ (j k , a) such that 

Wo- fc (rfe) = v(ak,r k ) = —((J k ,r k ) = < 0. 

da a - 7fc 

On the other hand for any k, v(a k ,0) = 1 > so that there exists p k € (0, r^) such that v(a k , p k ) = 0. 
This shows that 



(5.11) 



~ A g v <?k = P\ u <? k \ P 1 v<r k in B Pk 

v„ k = on dB Pk . 



By the definitions of r k and p k we easily deduce that 

Pk < Cap + 1 for any fc G N . 
Multiplying both sides of the above equation by v ak and integrating by parts we obtain 

/ \V 3 v, k \ 2 g dV g = [ plu^v^dVg . 

We want to show that the sequence {p k } is also bounded away from zero. Since v ak G H^(B Ph ) and 
a k < a, by Lemma 15.21 we have 

0=/ NgV^dVg- [ pK^-^dV^iX^B^-paV- 1 ) f v 2 ak dV g 

J B Pk JB Pk JB Pk 

and hence Ai (B Pk ) < pdP~ x for any k G N. Therefore if we assume by contradiction that lim inf p k = 

k— > +00 

then by Lemma 15.81 lim sup Ai (B P: .) = +00, a contradiction. 

k— >+oo 
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Then we may define p^ = liminf pk € (0, +00) and the sequence {wk} C iJ 1 (M) 

k— ^+oo 

v<j k ( x ) \{ x e B 

\\v<r k \\m(.M) Pk 

if x € M \ B Pk . 

Then for any k, Wk satisfies problem (|5.11|) and 



/ \v g w k \ 2 g dv g - I p| U(rfc rX^ = o. 

JM JM 



' M J M 

Moreover {wk} is bounded in H l (M) and hence up to a subsequence we assume that there exists 
w E H 1 (AI) such that Wk — 1 w weakly in H 1 (M). 
Let f € C^°(B Pao ) such that for any k large enough suppty? C B Pk . Then 

(VgW k ,V 'gf)gdVg = £> / \U a J P ~ 1 W k f dVg . 



Passing to the limit as k — > +00 and taking into account that by compact embedding H 1 (B Poa ) C 
L 2 (B Poc ) Wk —> w strongly in L 2 (B Px ) , and that by continuity from the initial data, u ak —> u a 
uniformly on compact sets, we obtain 

(5.12) / {VgW,V g <p) g dV g =p f \u a \ p - 1 W<pdV g forany^eC c °°(S Poo ). 

J B Pao Jb Poo 

By density, the previous identity holds for any cp £ Hq(B Px ). 

We claim that w £ Hl(B Paa ). Up to another subsequence we may assume that Wk — >• w almost 
everywhere in M with respect to the volume measure V g . But up to a subsequence, pk — > Poo so that 
for almost every P £ M\ B Poa , Wk{P) = for any k large enough. This proves that w = almost 
everywhere in M \ £? Poo and since w £ fl" 1 (M) then w £ Hq(B Poo ). 

Since suppw^ C B^ fi+ i for any k, by compact embedding H 1 (B^- f3+ i) C L 2 (_B^_ 0+ i), we have 
that Wk — > w in L 2 (M). Together with (|5.12|) and the fact that suppu^ C B Pk . suppw C B Pao , this 
implies 



lim f \V g w k \ 2 g dV g = lim f \V g w k \ 2 g dV g = lim / pKJ^ 1 ^ dV fl 

k-y+ooJ M a k ^+°°JB Pk k ^+° a JB Pk 

lim / p\u <Tk \ p - 1 wldV g = f p\u a \v~ 1 w 2 dVg= [ p\u a r 1 w 2 dV i 



|V 9W | 2 dl/ g = / |V a H 2 ^- 

M 



The last identity together with the weak convergence yields Wk — > w strongly in H 1 (M). In particular, 
since ||wfc||iji(M) = 1 f° r an y k £ N, then || w\\h 1 (m) — 1 an d hence w ^ 0. Summarizing we have 
found a nontrivial function w £ satisfying 

\WgW\ 2 dVg- f P \U a \P- 1 W 2 dVg=0. 

'M JM 

Suppose now by contradiction that it a is stable. Then 

/ \\?gf>\ 2 g dVg - / V dV fl > for any <p £ C C °°(M) 

and by density the previous inequality holds for any ip £ H 1 (M). 
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This means that w G H (M) is a minimizer of 



inf 



f M \V B v\ 2 g dVi 



veHi(M)\{o} Jj^plu^P-^dVg' 

In particular w G i/ 1 (M) is a solution of the equation 

-A g w = pluaf^w in M 

and by standard regularity theory w G C 2 (M). In particular it; is a classical solution of the ordinary 
differential equation 

-w"0r) -On- l)%^-w'{r) = pluJrW^wlr) Or > 0) . 
ip(r) 

But uu(r) =0 for any r > and hence by uniqueness of the Cauchy problem we infer w(r) =0 for 
any r > so that w = in M, a contradiction. □ 

Next we define 

Q'o := sup{a > : up is stable for any (3 G (0, a)} . 

By Lemma 15.31 we know that «o G (0, +oo] and by Lemma 15.91 we have that u a is stable for any 
a G [0,ao) and it is unstable for any a > cto whenever ao < +oo. In the next lemma we prove that 
the set 

S := {a > : u a is stable} 

is a closed interval. 

Lemma 5.10. Let ip satisfy (Hi) — (H3). Then the set S is a closed interval. 

Proof. We have just shown above that S is an interval. It remains to show that if ao < +00 then 
Q'o G S. We prove that [0, +00) \ S is open. Let a G [0, +00) \ S so that u a is unstable. Hence there 
exists ip G C^°(M) such that 

(5.13) f \V g <p\ldV g - [ p\u a \ p - 1 ip 2 dV g <Q. 

We claim that there exists 6 > such that 



/ \^ gV \ 2 g dv g - [ p|^rvw s <0 

JM JM 



IM JM 

for any /3 G (a — 6, a + 6) or in other words [0, +00) \ <S is open. 
Suppose by contradiction that there exists a sequence {«fc} C [0, +00) such that — > a and 

(5.i4) f \v g ip\ 2 g dv g - ( p| Mafc rv 2 ^ 9 >o. 

JM JM 

Since the supp ip is compact by continuous dependence on the initial data we have that u ak — > u a 
uniformly in any compact set of M. Passing to the limit in (|5.14p as k — > +00 we obtain 



f \Vg<p\* g dVg- [ PkrV^ 9 >0 

jm Jm 



I M J M 

in contradiction with (|5.13| . □ 

The estimate ao ^ (p~ 1 Ai(M)) 1 ^ follows immediately from Lemma 15.31 It remains to prove 
that the inequality is strict under some additional assumptions. First we prove the following 
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Lemma 5.11. Let ip satisfy (Hi) — (H3) and (|2.8|) . Then for any a > 

J M \y g v\ 2 g dv g 



Ai(M,a) 



inf 



vem{M)\{o} J M p\u a \p~ 1 v 2 dV g 
admits a minimizer. 

Proof. Let {i>k} C H l (M) be a minimizing sequence for Ai(M, a) such that 



/ plu^vldVg = 1 

Jm 



Then {vk} is bounded in H 1 (M) and hence up to a subsequence there exists v <G H 1 (M) such that 
Vk v weakly in H 1 (M). By compact embedding H 1 (B r ) C L 2 (B r ) we have that Vk ^ v strongly 
in L 2 (B r ) for any r > 0. 

By the assumptions of this lemma, combined with Proposition l2.il formula (|2.ip . Theorems 12.61 and 
12.91 we have that u a (r) — > as r —> +00. Hence for any e > we may choose R £ > such that 
p\u a (r)\ p ~ 1 < e for any r > R e . Hence we obtain 



J^^vldVg- / P \U a \ 



A I 



D ~V dVa 



P\U C 



A I 



-1„.2 



< 









p\u a Y>-W k dv g 



p\u 



" V dV„ 



v£dV g 



M\B Re 



P\Ua 



-1„,2 



v l dV 



M\B Rc 



<[ p\u a r\ 2 dV g ~ f p\u a r'v 2 dV g + Y ^t 7 t (\\v k \\ 2 HHM) + \\v\\ 2 H1{M) ). 
JB Re Jb Re M{M) 

Passing to the limit as k — > +00 we obtain 



lim sup 

k— >+oo 



/ plu^vldVg- [ P \u a \P- 1 v 2 dV i 
Jm Jm 



< 



Hence, 



lim 

fc— > +00 



pKr'vtdVg 



A I 



2Ai(M, a) 
Ai(M) 6 

Plu^r^ 2 dV g 



for any e > . 



This shows that u ^ and that, by the lower semicontinuity of the 7J 1 (M)-norm, v is a minimizer 
for A\(M, a). □ 



Lemma 5.12. Let ip satisfy (Hi) — (H3) and 
Proof. Define a := 



Then ao > 



- ._ f X 1 (M) \p- 
P 



We claim that A(M,a) > 1. To see this, by Lemma 15.111 we 
introduce a minimizer w € H 1 (M) of A(M, a). By Poincare inequality and the fact that, by Lemma 
5.21 u-a < a, we have 

J M \v g w\ 2 gdVg > r M |v 9 Hs^ s 



Ai(M, a) 



> 1. 



If assume by contradiction that Ai(M, a) = 1 then the inequalities above are equalities and hence 
w G H (M) is a minimizer for Ai(M). Hence, it solves the equation 

-A g w = Xi(M)w in A/ 

and this contradicts the fact that w solves 

-A g w = Ai(M,a)|u^| p_1 w) inAf. 
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This completes the proof of the claim. Let us consider a sequence {a k } such that ak I a. We prove 
that for any large fc, Ai(M, otk) > 1. 

If we proceed by contradiction, we may assume that Ai(M, a k ) < 1 for any large k. 

Let {wk} C H 1 (M) be a sequence of minimizers for Ai (M,ctk) such that / M l^ 1 ^ 2 . dV g = 1. 

Then {u^.} is bounded in H 1 (M) and up to a subsequence we may assume that there exists w S 
H 1 (M) such that w k W weakly in ff 1 (M). 

For any a > 0, consider the Lyapunov function 



for any r > . 



For any e > let R £ > be such that 



We recall that as in the proof of Lemma [5.111 we have lim u a (r) = lim v! (r) = 0, for any a > 0. 
Since u Qfc (r) — > Ua(r) and ti' Q)! (r) — > u^(r) for any r > 0, there exists k such that 

F ak (R e ) < e for any k > k . 
But we know that for any a > the function i 7 ^ is nonincrcasing and hence 

Fa k (?") < £ f° r an Y r > Re , for any k > k , 

so that 

_i p-i — 

p|w afc (r)| p < p[(p + l)e] P+ 1 for any r > i? e , for any k > k . 

Therefore 



P\u c 



M 



k UVg 



pW^y-W dv g 



M 



'b Re 



< 










2 dV g 



P\Ua k \ P 1 W 2 k dV g 



PIU^WI dVg 



< sup \p\u a 



( P \U ak dVg - f P|l%r% 2 dVg 

Jm\b Re Jm\b Rc 

plu^wldVg 



+ p[{p+l)e] ?+i 



dV g + 



plual^w 2 dVg 



w 2 dV n 



w 2 k dVg + p[(p + l)e] ^ 

>M\B Re J M\B r 

By strong convergence w k — > w in L 2 (i?^ e ), uniform convergence u ak u a in -B.r £ , Poincare 
inequality, weak lower semicontinuity of the H 1 (M)-norm and the fact that A(M, ak) < 1, we obtain 

2 

/ 9 



lim sup 

A;— »+oo 



\U a J^ W \dVg 



M 



pIu^-W dV n 



A I 



< 



Ai(M) 



p[(p + l)e] P+ 1 for any £ > . 



This proves that 



lim 

k— ^+oo 



[ p\u ak \P- 1 wldV g = [ plu^w 2 dV c 

J M JM 



Therefore using again the weak lower semicontinuity of the if (Af)-norm, we obtain 



1 < Ai(M,S) < 



J M \VgW\ 2 g dV g 



< lim inf ■ 



S M \^ S W k\ 2 gdV g 



J M P\ u M p ~ lw2 dVg fc^+oo J M p\u oth \P- 1 wldV g fe^+OO 
a contradiction. This proves that Ai(M, afc) > 1 for any large k. 



= lim inf Ai (M, ak) , 



32 



ELVISE BERCHIO, ALBERTO FERRERO, AND GABRIELE GRILLO 



In particular for any large k and any <p G (M) we have 

\V g y\ 2 g dV g >kx{M,a k )[ p\u ah \ p - l y 2 dV g > f p\u ak \ p ~ l ip 2 dV g . 

M JM JM 

We found a sequence of values > a such that u ak is stable. This completes the proof of the 
lemma. □ 

tcxtitEnd of the proof of Theorems 12. 11112.121 The proof of Theorem 12.111 simply follows by com- 
bining Lemma 15.101 with Lemma 15.31 and Lemma 15.51 The estimate from below on ao follows from 
Lemma 15.121 

5.2. Proof of Theorem 12.141 Let a.,/3 G S with a > f3. We want to prove that u a (r) > up(r) > 
for any r > 0. Suppose by contradiction that there exists r > such that u a (r) < up(r). By 
Lagrange Theorem and Lemma 15.61 we deduce that there exists a G (J3, a) such that 

/ — \ du u(a,r) - u(/3,r) 

v a (r) = v(a,r) = ^-(er,r) = < 

oa a — p 



and proceeding as in the proof of Lemma 15.91 we find p € (0, r) such that 

j -A g v a = p\u cr \ p ~ 1 v a in B p 

[ v a = on dB p . 

Testing the above problem with v a G Hq(B p ), we obtain 

\V 9 V<r\ 2 g dV g - [ p\u v \*- 1 vldV g = 0. 
B p JB P 

Next we define w a G H 1 (M) as the trivial extension of v a outside B p in such a way that 

j \W g w a \ 2 g dV g - [ p\u (7 \ p - 1 w 2 cr dV g = 0. 

JM JM 

But a £ [0, ao] and hence by Lemma |5. 101 u„ is stable. Therefore w a is a minimizer of the problem 



inf 



f M \V g v\ 2 9 dV g 



vem(M)\{o} J M p\u a \p- 1 v 2 dV g 
and proceeding as in the proof of Lemma 15.91 we arrive to a contradiction. 



5.3. Proof of Theorem [27L51 By Lemma ED we have Ai(M) > 0. By Proposition [HQ (|Q]> . 
Theorem 12.61 and Theorcm l2.9l we get the existence of R > such that p|M(r)| p_1 < Ai(M) for every 
r > R. Let now Br be the geodesic ball of radius R centered at o. From what just remarked and 
(14. ip . inequality ()5.2j) holds for every tp G C^°(M \ K) and for every compact K such that Br C K. 
In particular, it is stable outside a compact set. 



5.4. Proof of Proposition [27131 Since u is stable, from (15.2[) we have 

/■+OO /-+00 

(5.15) / (x'(r))V l_1 M*--;p / \u{r)\ p - 1 X 2 {r)il> n - 1 {r)dr>Q, 



for every radial function x S C^{M). 

Inequality (|5 . 15[) holds for every x G H 1 n L°°(M) with compact support in M. Next, we choose 
x(r) = u(r)rj(r) with G C^(0, +oo) in (|5.15[) and we get 

+oo />+oo 

(u'{r)) 2 { v {r)) 2 i; n -\r)dr + / {u(r)) 2 (r]' (r)) 2 ip 71 ' 1 (r) dr 
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+00 /"+00 

u'(r)«(r)(77 2 (r)) / V n_1 (r)dr>p / \u(r)\ p+1 r ] 2 (r)^ n - 1 {r) dr . 

Jo 

An integration by parts and (|1.3|) yield 

(5.16) / ( U (r))VM) 2 ^"~V)dr > (p - 1) / Kr)| p+ V(r) dr , 



for every radial function 77 £ C£°(M). 

For i? > 0, let now r/^(r) = r)(r/R), where 77 (r) £ C' 1 ([0, +00)) is such that 77(7") = 1 for < r < 1 
and 77(7*) = for r > 2. Taking 77^ as test function in (|5.16[) . we get 

lln'll r 2R c 2R 

N/ „T / (u(r)) 2 V n-1 (r)dr> (p - 1) / |u(r)| p+1 ?/ 2 (r/i?) V" _1 (r) dr 
X J R J 

r R 

> (p-l) / |u(r)| p+1 V™" (r)ir. 
Jo 

As i? — > +00, recalling that J Q +oc (u(r)) 2 dr < +00, we finally conclude that 



+00 



|w(r)| p+1 V' n ~ 1 (r)dr =0. 



Hence, it = in (0, +00). 
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